Introduction
This paper is a sequel to [6] (and to [28] ), and will use the definitions and notation therein without comment. (See also the newly published book [8] for information about flocks in characteristic 2.) It is also a sequel to [15, 17, 19] in that it generalizes the results of those papers (which are equivalent to classifying the spreads of T 2 (O), for O a conic of PG(2, q), q = 16 or 32) to classifying the spreads of T 2 (O), for O an oval of PG(2, q), q = 16 (Theorem 4.11) or 32 (Theorem 5.6). Other worthwhile results we obtain in the process include the classification of all flocks of the quadratic cone over the field of order 32 (Theorem 5.3) and the proof that only those Tits quadrangles T 2 (O) already known to be proper subquadrangles of a GQ of order (s, q) are proper subquadrangles of a GQ of order (s, q) for q ≤ 32 (Corollary 5.9). We also disprove a conjecture of Cherowitzo [9] about the O'Keefe-Penttila hyperoval (see the remark after Corollary 5.7), by classifying α-flocks over the field of order 32 (Theorems 5.3, 5.5). For completeness, we also include the corresponding results for fields of even order at most 8 in Section 3. As to odd order, we note that, by the celebrated theorem of Segre, all ovals O of PG(2, q), q odd, are conics, so the Tits quadrangle T 2 (O) is isomorphic to the classical quadrangle Q(4, q) [20, Theorem 3.2.2] . This GQ has no spreads [20, Theorem 3.4.1(i)]. For q prime, the only ovoids of Q(4, q) are elliptic quadrics [1] . For q = 9, the only ovoids of Q(4, q) are the elliptic quadrics and the Kantor ovoids [13] (see also [30, p. 51] ). A survey on ovoids of Q(4, q) is given in [23] . All our computer calculations took place in the computer algebra package Magma [3] .
Equivalence of α-flocks and isomorphism of spreads
In [6] , it is shown that every α-flock gives rise to a spread of T 2 (O), where O is the oval constructed from the α-flock by Cherowitzo [9] . In order to classify spreads of T 2 (O), it is therefore necessary to classify α-flocks of PG (3, q) , and to deal with isomorphism. A subtle point occurs here. As originally shown in [12] , each α-flock gives a flock of the cone subtended by the hyperoval, and so a Proof. This follows from a simple calculation similar to the one below.
Let q = 2 e , F q = GF(q), and α = 2 i , (i, e) = 1. In PG(3, q) let K α be the cone
with vertex V (0, 0, 0, 1), and nuclear generator V (0, 0, 0, 1), (0, 1, 0, 0) .
It also follows that V (0, 0, 0, 1), (1, 0, 0, 0) is an axial generator, the unique one if α = 2.
Theorem 2.2. The subgroup of PΓL(4, q) leaving invariant the cone K α consists of the following collineations:
(1) Here a, s, x, y, z, w are elements of F q with a and w not zero, and σ is any automorphism of F q .
For convenience in computing the images of planes we give the inverse of M .
Suppose that a and s have been fixed with a = 0, and that [r, v, t, 1] is any plane not on the vertex V (0, 0, 0, 1). Let w be any non-zero element of F q and put x = wr σ , y = wv σ , z = wt σ . Then θ maps the plane At this point we are still free to pick nonzero a and w and an automorphism σ and leave invariant the cone and its vertex and both its axial and nuclear gen- . For arbitrary nonzero a ∈ F q , the collineation
fixes the structure set up above, and it maps (1, 
Now we suppose that the automorphism α generates the Galois group of F q but α = 2. Hence each oval equivalent to O α :
has a unique axis, so the cone K α has a unique axial generator. Let O be an oval of PG(2, q) identified as the hyperplane π 2 : x 2 = 0 of PG(3, q). It is uniquely extended to a hyperoval O + and we may assume that the hyperoval has any four points of PG(2, q) in general position that we please. So suppose it has among its points those of the fundamental quadrangle. Then there is an o-polynomial f such that
If we apply the collineation (elation with axis π 1 :
And if we use the automorphism α just mentioned, we find
Given the o-polynomial f we are free to choose either V (0, 0, 0, 1) or Y (1, 0, 0, 0) to be the nucleus of the remaining q + 1-arc. Let O V be the oval containing V and O Y be the oval containing Y . Then in the construction of the GQ T 2 (O V ), we know that given any spread consisting of q 2 lines of PG(3, q) plus the "line" V we can use the same q 2 lines of PG(3, q) plus the "line" Y as a spread for T 2 (O Y ). Now suppose we have a spread (containing Y as a "line") of T 2 (O Y ) associated with a generalized f -fan and α-flock. This means there is a permutation polynomial g with g(0) = 0 and g(1) = 1, and a constant a with tr(a) = 1, such that the q 2 lines of the associated spread (different from the "line" Y (1, 0, 0, 0)) are of the form
For a fixed t ∈ F q the cone with vertex
has q lines of the associated spread. For t = 1, (and put r = s(1 + f (t)) 1 α ) these lines meet the plane π 3 : x 3 = 0 in the q-arc
The points (r α + ag(t), 0, 1, r), r ∈ F q , together with the point Y (1, 0, 0, 0) give a linear axial pencil of ovals with nucleus V (0, 0, 0, 1) that constitute a generalized f -fan). The points where the spread lines intersect the plane π 3 (along with the line w : x 3 = x 0 + x 1 + ax 2 = 0) give a planar representation of an α-flock, i.e., a flock of the given alpha cone which consists of the planes
Projecting the planes of this flock from the point U (1, 0, 0, 1) onto the plane π 3 gives the ovals
(with nucleus (t 1 α , 1, 0, 0)), as long as t = 1, plus the line w : x 3 = x 0 + x 1 + ax 2 = 0 corresponding to the case t = 1. Suppose we have this setup for two o-polynomials f 1 and f 2 , along with a 1 , a 2 , g 1 , g 2 , such that {π
Note that with this π t notation π i 0 = π 3 for both i = 1 and i = 2. We want to suppose that there is a collineation of PG(3, q) mapping T 2 (O f 1 ) to T 2 (O f 2 ) and mapping the spread in the first case to the spread in the second case.
In both cases (i = 1, i = 2) we can set up the coordinates so that π 2 is the plane of the oval (embed PG(2, q) in PG(3, q) by (x, y, z) → (x, y, 0, z)). The plane of the generalized f -fan , i.e., the linear axial pencil of ovals is π 1 , and π 3 is the plane in which is given the planar representation of the flock of the cone. The α-cone is just as in the previous section: U (1, 0, 0, 1) is the point from which we project the ovals of the α-flocks, and the point of both ovals O f 1 and O f 2 on the nuclear generator is (0, 1, 0, 1), so they both project to P = (1, 1, 0, 0).
Now we start by assuming that there is a collineation
θ of PG(3, q) mapping T 2 (O f 1 ) to T 2 (O f 2 ) in
such a way that the spread lines in the first GQ map to the spread lines of the second GQ.
We also assume that O f i is not a conic, so the point (∞) 1 is mapped to (∞) 2 , so the unique spread "line" Y (1, 0, 0, 0) incident with (∞) i is mapped to itself.
So we have a field automorphism σ and a matrix M such that
has the following effect. First, the oval O f 1 is mapped to the oval O f 2 , so the plane π 2 is mapped to itself, the vertex V (0, 0, 0, 1) (i.e., the nucleus of There must be a permutation t →t of the elements of F q for which the point (t 
From this it follows that
, which is equivalent to t = y α/σt
Put this value oft into equation (4) to get
For a fixed t, the cone with vertex X t = (t
and base oval {(r α + a 1 g 1 (t), 0, 1, r) : r ∈ F q } ∪ {Y (1, 0, 0, 0)} gets mapped to the cone with vertexX (y −α (t σ +x α ))
where r →r is a permutation of the elements of F q that might depend on t. Since the plane π 1 : x 1 = 0 isIt now follows that mapped to itself, for a fixed t there must be a permutation r →r and a nonzero scalar µ such that
Hence µ = v andr = v −1 (w + λr σ ). Note that this does not depend on t after all! Put in these values of µ andr to get v = λ 
It now follows that θ can be written as
This is just a reindexing of the original f 2 -fan. Hence in the special situation we are considering, spread-equivalent fans are projectively equivalent.
Thus we have proved: 
Spreads of T 2 (O) for fields of orders 2, 4 and 8
Since the only ovals in PG(2, 2) and PG(2, 4) are conics [25] , the classification of spreads of T 2 (O) for fields of orders 2,4 is equivalent to the classification of ovoids of PG(3, 2) and of PG(3, 4) -they are elliptic quadrics [2, 26] . This also implies the classification of flocks of the quadratic cone in PG(3, 2) and PG (3, 4) [27] -they are linear. Indeed, in these cases the GQs are uniquely determined by their orders [20] . In summary, [24] , each being 8 times the group order of the corresponding 4-flock stabiliser, since the ovoids are translation ovoids.) The Tits ovoid generalized fan arising from a line not in the Luneburg spread also gives rise by nucleus switching (applied to the fan) to two spreads of T 2 (O), for O a pointed conic of PG (2, 8) , this time with the spread not containing the nucleus of the conic, and so to two ovoids, not on (∞). These are the ovoids labelled I and II in result III.1.7.8 of [24] . In summary, 
Spreads of T 2 (O) for the field of order 16
This section follows [15, 17] closely and is best read in that context. These two papers determine all fans in PG(2, 16) (in order to classify ovoids in PG(3, 16) -equivalently, spreads of T 2 (O), where O is a conic of PG (2, 16) ). In this section, we determine all generalized fans in PG(2, 16) in order to classify spreads of T 2 (O), where O is an oval of PG(2, 16).
By [14] (see also [16] for a computer-free proof), the only hyperovals of PG (2, 16) are the regular and Lunelli-Sce hyperovals. Hence the only ovals of PG (2, 16) are the conic, the pointed conic and the Lunelli-Sce oval.
Let L be a Lunelli-Sce oval in PG(2, 16). There are three orbits of the stabiliser of L on tangent lines to L. Let l be the line x = 0 and (
be particular representatives of the three orbits on (Lunelli-Sce oval,tangent line) pairs, with each of L 1 , L 2 and L 3 having nucleus (0, 0, 1) and meeting l in (0, 1, 0). (Here we choose L 1 so that the stabiliser of L 1 fixes l.) Let P s be the point (0, 1, s). Let PC be the pointed conic {(1, t, t 14 ) : t ∈ GF(16)} ∪ {(0, 1, 0)}.
Lemma 4.1. [ ]
• (P s , PC) matches only with one point (P t , L 3 ) ;
• 10 of the points (P s , L 2 ) match only with (X, L 2 ) for some X ;
• 5 of the points (P s , L 2 ) match only with (X, L 3 ) for some X ;
• 10 of the points (P s , L 3 ) match only with (X, L 3 ) for some X ;
• 1 of the points (P s , L 3 ) match only with (X, L 2 ) for some X ;
• 4 of the points (P s , L 3 ) match both with (X, L 2 ) for some X and with (X, L 2 ) for some X .
Proof. By a computer calculation. Proof. We have ruled out all ovals other than conics and pointed conics for which the common tangent is an axis. So now [6, Theorem 4.6] applies. Proof. We classify the herds using the magic action of [18] . It is enough to find the herds containing x 8 , x 2 or the Lunelli-Sce o-polynomial
where d is fixed with trace ( Proof. It has no spreads that do not contain the nucleus of the conic, and no ovoids not on (∞).
Spreads of T 2 (O) for the field of order 32
By [22] , there are six hyperovals of PG(2, 32), namely, the regular, translation, Segre-Bartocci, Payne, Cherowitzo and O'Keefe-Penttila hyperovals. These lead to 35 ovals of PG(2, 32). Proof. Computer data, following the method of [19] . A first pass shows that ovals which have a tangent line with matches at all points are contained in translation hyperovals. A second pass, eliminating matches with ovals not contained in translation hyperovals, shows that the tangent line is an axis or principal spoke.
Lemma 5.2. There are no solutions to equation (6) of [6] that do not arise from a Tits ovoid [29] for q = 32.
Proof.
Computer search over the 742 ovals with a distinguished point. Proof. In every case, the GQ has a line on no spread. Proof. It has no ovoids that are not on (∞), and no spreads that do not contain the nucleus of the conic.
The evidence above for the fields of orders 16 and 32, coupled with the results of [4] that a pointed conic cannot be the section of an ovoid for fields of order bigger than 8 and of [5] that a pseudo-pointed conic cannot occur as part of a pseudo-ovoid leads us to give the following conjecture.
Conjecture 5.13. T 2 (O), for O a pointed conic of PG(2, q), is not a proper subGQ of a GQ of order (q, t), nor of a GQ of order (s, q), for even q > 8.
